This paper deals with dissipative dynamical systems. Dissipative dynamical systems can be used as models for physical phenomena in which energy exchange with their environment plays a role. In a dissipative dynamical system, the book-keeping of energy is done via the supply rate and a storage function. The supply rate is the rate at which energy flows into the system, a storage function is a function that measures the amount of enery that is stored inside the system. In this paper, we will argue that for linear dynamical systems with quadratic supply rates, any storage function can be represented as a quadratic function of any state variable of a linear dynamical system whose dynamics is obtained by combining the dynamics of the original system, and the dynamics of the supply rate.
Introduction
The concept of dissipativeness is of much interest in physics and engineering. Whereas dynamical systems are used to model physical phenomena that evolve with time, dissipative dynamical systems can be used as models for physical phenomena in which also energy exchange with their environment plays a role. Typical examples of dissipative dynamical systems are are electrical circuits, in which part of the electric and magnetic energy is dissipated in the resistors in the form of heat, and (visco-)elastic mechanical systems in which friction causes a similar loss of energy. For earlier work on dissipative systems, we refer to [8] , [4] , [?I.
In a dissipative dynamical system, the book-keeping of energy is done via the supply rate and a storage function. The supply rate is the rate at which energy flows into the system, a storage function is a function that measures the amount of enery that is stored inside the system. These functions are related via the dissipation inequality, which states that along time trajectories of the dynamical system the supply rate does not exceed 0-7803-3970-8197 $10.00 0 1997 IEEE the increase in storage. This expresses the assumption that a system cannot store more energy than is supplied to it from the outside. The difference between the internally stored and supplied energy is the dissipated energy.
The storage function measures the amount of energy that is stored inside the system at any instant of time. In other words, storage functions do the book-keeping of internally stored energy. We expect that the value of the storage function at a particular time-instant depends only on the past of the time-trajectories through the memory of the system. A standard way to express the memory of a time trajectory of a system is by using the notion of state. Thus we should expect that storage functions are functions of the state variable of the system.
In this paper, we will indeed prove the general statement that for linear dynamical systems with quadratic supply rates, any storage function can be represented as a quadratic function of any state variable of a linear dynamical system whose dynamics is obtained by combining the dynamics of the original system, and the dynamics of the supply rate.
A few words on notation. In this paper, C-(R, RQ) de- notes the set of all infinitely often differentiable functions w : R -+ RQ; 9 ( R , RQ) denotes the subset of those w E em(R, RQ) that have compact support. Given two column vectors ; 1 ; and y, the column vector obtained by stacking z over y is denoted by col(z,y). Likewise, for given matrices A and B with the same number of columns, col(A, B ) denotes the matrix obtained by stacking A over B.
Linear differential systems
We will first introduce some basic facts from the behavioral approach to linear dynamical systems. For more details we refere to [ll] , [lo] , [9] . 
always has an observable image representation.
Quadratic differential forms
An important role in this paper is played by quadratic differential forms and two-variable polynomial matrices. These are studied extensively in [12] . In this section we give a brief review.
We denote by RQx*[C,qJ the set of square, real polynomial matrices in the (commuting) indeterminates [ and 77, i.e., expressions of the form The sum in (3.1) ranges over the non-negative integers and is assumed to be finite, and @ k t E RQxq. Such a CP induces a quadratic differential form (QDF) Q+ :
then Q, will be called symmetric. The symmetric elements of EQxQ[[5,q] will be denoted by RZxQ [[5,q] .
This shows that when considering quadratic dib'erential forms we can restrict attention to @'s in RZxQ [<,q] . It is easily seen that &@(to) as the power going into the physical system 23. In many applications, the power will indeed be a quadratic expression involving the system variables and its higher order derivatives. For example, in mechanical systems, it is xk Fk % with 8)) the external force acting on, and q k the position of the k-th pointmass; in electrical circuits it is X I , V k I k with v k the potential and I h the current into the circuit at the k-th terminal. The system !I3 is called dissipative with respect to the supply rate Qa if along trajectories that start at rest and bring the system back to rest, the total amount of energy flowing into the system is non-negative: the system dissipates energy.
Definition 4.1 :
J-", Q+(w)dt 2 0 for all w E !I3 n 9 ( R , Rq). 
Main results
In this section we show that storage functions can always be represented as quadratic functions of a state variable, and that dissipation functions can always be represented as quadratic functions of a state variable, jointly with the manifest variable of a given system.
We will first treat the case that !B = Co3(R,RQ). Let @ E Rzx4' [[,q] . Assume that ( P ( R , R q ) , Q a ) is dis- 
Finally, we discuss the special case that the supply rate QO is first order in w, i.e., Q+(w) = wTPw, with P = PT E R'Jx'J. Let lag, pages 197-242, 1991. 
